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AN EXAMPLE OF A MAP WHICH IS C2 ROBUSTLY
TRANSITIVE BUT NOT C1 (ROBUSTLY TRANSITIVE)
J. IGLESIAS AND A. PORTELA
Abstract. The aim of this work is to exhibit an example of an endomorphism
of T2 which is C2-robustly transitive but not C1-robustly transitive.
1. Introduction
Robustly transitive maps can be divided into three families: those which are dif-
feomorphisms, those which are locally invertible endomorphisms and those which
are endomorphisms with critical points. Robustly transitive diffeomorphisms have
been studied by many authors (see [BDP], [M1], [M2]),[Sh]). Although many im-
portant theorems are known, several problems remain open. Locally invertible
endomorphisms have been less studied. In [LP], the authors construct examples
and they give necessary conditions that guarantee robust transitivity for this class
of maps. In [HG], examples of this kind of maps in the torus are also constructed,
in several homotopy classes and which are not hyperbolic, which is something that
cannot happen for diffeomorphisms of two-dimensional manifolds, since any ro-
bustly transitive diffeomorphism on a surface must be hyperbolic. The last family
of these maps is the one that has been studied the less, to the point that only
examples are known. In [BR] the authors constructed the first known example of
a robustly transitive map with persisting critical points, and in [ILP] examples of
maps of this kind in the torus have been constructed in different homotopy classes.
These examples share the property of having unstable cones. Furthermore, if there
is a curve such that its tangent vector at each point is contained in the correspon-
dient unstable cone, then its length is expanded by an uniform constant greater
than one. It is conjectured that (in dimension two) every example must have this
property, and that there are no robustly transitive endomorphisms on the sphere
having persistence of critical points. Up to now no relevant theorems for this family
of maps are known.
Let f be an endomorphism in T2 and f∗ the map induced by f in the fundamental
group of T2. The map f∗ can be represented by a square matrix of size two by two
with integer coefficients.
The examples constructed in [ILP] are in the following homotopy classes: ex-
panding (both eigenvalues of f∗ have modulus greater than one), non-hyperbolic
(f∗ has an eigenvalue of modulus one) and hyperbolic (one of the eigenvalues of f∗
has modulus greater than one and the other one less than one). Unfortunately in
the expanding case there is a mistake. Trying to correct this mistake, we succeeded
in constructing an example which is C2- but not C1-robustly transitive. This hap-
pens because for a map f (that we will construct) with critical point, it is possible
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to find a C1 perturbed g of f and an open set V such that int(g(V )) = ∅. But
this is something that cannot happen for a C2 perturbation of f . We will now give
an overview of its construction. The starting point of this construction can be any
matrix with integer eigenvalues λ and µ, with 1 < |µ| < |λ|. In order to simplify
the computations, we will start with the matrix A =
(
8 0
0 2
)
. We consider the
points ( 116 ,
1
4 ), (
1
2 ,
1
2 ) and (0, 0) (A(
1
16 ,
1
4 ) = (
1
2 ,
1
2 ) and A(
1
2 ,
1
2 ) = (0, 0)). Two
perturbations are made in disjoint neighborhoods of the points ( 116 ,
1
4 ) y (
1
2 ,
1
2 ).
Outside their supports, the map still coincides with the matrix A.
The C0 perturbation which is performed in a neighborhood of the point ( 116 ,
1
4 )
yields a map f with persistent critical points. (We will call Sf the set of critical
points of f .) Furthermore, Sf is a one-dimensional manifold.
The C1-perturbation which is performed in a neighborhood of the point (12 ,
1
2 )
yields a map f for which there exists ρ > 0 such that f(Sf )∩B((
1
2 ,
1
2 ), ρ) = {(x,
1
2 ) :
x ∈ (12 − ρ,
1
2 + ρ)}. It is then possible to make a C
1-perturbation of f that gives
a map g for which an open set V satisfies g2(V ) ⊂ {(x, 0) : x ∈ [0, 1]}. Since the
set {(x, 0) : x ∈ [0, 1]} is g-invariant, this implies that g is not transitive. This
perturbation can be made C2, and we will show in the last section that the map f
thus obtained is in fact C2-robustly transitive.
The paper is organized as follows. In Section 2 we present some results regarding
maps with critical points in T2. In Section 3 we construct the map h which is C2
but not C1 robustly transitive, and in the last section we prove that h is C2 robustly
transitive.
2. Critical point in T2
We recall the following facts borrowed from transversality theory:
(1) If M and N are manifolds without boundary and V is a submanifold of
N , then f :M → N is transverse to V if Dfx(TxM) + Tf(x)(V ) = Tf(x)N
when f(x) ∈ V .
(2) If f is transverse to V then f−1(V ) is a submanifold of M of codimension
equal to the codimension of V in N .
(3) The transversality theorem: under the hypothesis above, and if V is closed:
{f ∈ C1(M,N) : f is transverse to V }
is open and dense in the strong topology.
LetM2×2 the set of square matrixes of dimension two with real coefficients. Let
us recall that R1 = {A ∈ M2×2 : A has rank 1} is a closed submanifold of M2×2
of codimension one.
Theorem 2.1. There exists a residual subset S of C2(T2) such that, for every
f ∈ S the set Sf is a submanifold of T2 of codimension 1.
Idea of the proof: Consider the operator D which assigns to each f ∈ C2 its
derivative Df : T2 →M2×2. Define
S = {f ∈ C2(T2) : Df is transverse to R1}
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It is not difficult to prove that the set S is open and dense. Therefore, using
the transversality properties that have been stated above, we have that, Sf =
Df−1(R1) is a one-dimensional manifold for every f ∈ S.
Let f ∈ Cr(T2), r ≥ 1. We say that (x0, y0) ∈ Sf is a critical point of fold type
if there exist neighborhoods U and V, of (x0, y0) and f(x0, y0) respectively, and local
diffeomorphisms ψ1 : R
2 → U and ψ2 : V → R2 such that ψ2 ◦f ◦ψ1(x, y) = (x, y2),
for every (x, y) ∈ U .
The proof of the following proposition can be read in [GG]
Proposition 2.1. Let f ∈ C2(T2), with f ∈ S and x ∈ Sf . If TxSf is transverse
to Ker(Dfx) then x is a critical point of fold type.
Remark 1. It is clear that if f ∈ S and x ∈ Sf is such that TxSf is transversal to
Ker(Dfx), then it is possible to find a neighborhood Vx of x and a C
2 neighborhood
Uf of f in such a way that if g ∈ Uf and y ∈ Sg ∩ Vx then TySg is transverse to
Ker(Dgy). This implies that every critical point of g belonging to Vx is a critical
point of fold type ∀g ∈ Uf .
3. Construction of fθδ and h
3.1. Construction of fθδ. The following construction can be carried out for a
matrix A whose eigenvalues are different, integers and greater than one. To make
our example easier, we will stick to working with the matrix
A =
(
8 0
0 2
)
.
Choose ( 116 ,
1
4 ) ∈ T
2, note that A( 116 ,
1
4 ) = (
1
2 ,
1
2 ) and A
2( 116 ,
1
4 ) = (0, 0). Fix
r > 0 such that
• A(B(( 116 ,
1
4 ), r)) ∩B((
1
16 ,
1
4 ), r) = ∅,
• A−1(B((12 ,
1
2 ), r)) ∩ {(x, 0) : x ∈ [0, 1]} = ∅ and
• B(( 116 ,
1
4 ), r) ∩B((
1
2 ,
1
2 ), r) = B((
1
2 ,
1
2 ), r) ∩B((0, 0), r) =
B((0, 0), r) ∩B(( 116 ,
1
4 ), ) = ∅.
This choice of r will play an important role later.
Given θ > 0 with 2θ < r, consider ψ : R→ R such that ψ is C∞, x0 =
1
16 is the
unique critical point, ψ
′′
( 116 ) = 0, ψ(
1
16 ) = 4 and ψ(x) = 0 for x in the complement
of the intervals ( 116 − θ,
1
16 + θ), see figure 1 (a) . Given δ > 0 with δ < 2θ < r,
consider ϕ : R→ R be such that
• ϕ′ is as in figure 1 (b), ϕ′(14 ) = 1/2, ϕ(
1
4 ) = 0, ϕ
′′
(14 ) 6= 0 , ϕ
′(14 +
δ
8 ) = 1
and
• ϕ(y) = 0 for y /∈ [ 14 −
δ
4 ,
1
4 +
3δ
4 ].
Note that max{|ϕ(y)| : y ∈ R} ≤ δ.
Then define fθδ : T
2 → T2 by
fθδ(x, y) = (8x, 2y − ψ(x)ϕ(y)).
For simplicity, sometimes we denote fθδ = f , although f depends on the param-
eters θ and δ. Note that ( 116 ,
1
4 ) is a critical point and f(
1
16 ,
1
4 ) = (
1
2 ,
1
2 ).
Remark 2. The following properties are very useful for our purpose. Since they
are not hard to prove we will leave them for the reader to verify.
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Figure 1. Graph of ψ and ϕ′
a) f |
T2\B(( 1
16
, 1
4
),r)= AT2\B(( 1
16
, 1
4
),r).
b) From the definition of r, it follows that f(B(( 116 ,
1
4 ), r))∩B((
1
16 ,
1
4 ), r) = ∅.
c) The critical set of f is Sf = {(x, y) : 2− ψ(x)ϕ′(y) = 0}.
d) For x0 =
1
16 and y0 =
1
4 + δ/8 we have that det(Df(x0,y0)) = −16 and for
(x, y) ∈ T2 \B(( 116 ,
1
4 ), r) we have that det(Df(x,y)) = 16. Then there exists
a C1-neighborhood Uf of f such that Sg 6= ∅ for all g ∈ Uf .
e) f goes to A in the C0 topology, when θ and δ go to zero.
f) f is homotopic to A.
g) Df is transverse to R1 (here we use that ϕ
′′
(14 )) 6= 0 ) , then (by proof of
Theorem 2.1) Sf is a manifold of dimension one.
Given a positive a ∈ R and p ∈ T2, we consider Cua (p) ⊂ Tp(T
2) the family of
unstable cones defined by Cua (p) = {(v1, v2) ∈ Tp(T
2) : |v2|/|v1| < a}.
The following lemma shows that it is possible to construct a family of unstable
cones which is invariant for the map f .
Lemma 3.1.1 (Existence of unstable cones for f). Given θ > 0, a > 0, there exist
a0 > 0 and δ0 > 0 with 0 < a0 < a such that for all δ < δ0 if f = fθ,δ, then the
following properties hold:
(i) If Cua0(p)={(v1, v2) : |v2|/|v1| < a0}, then Dfp(C
u
a0
(p))\{(0, 0)} ⊂ Cua0(f(p)),
for all p ∈ T2;
(ii) If v ∈ Cua0(p), then |Dfp(v)| ≥ 4|v|; and
(iii) If γ is a small curve such that γ′(t) ⊂ Cua0(γ(t)), then diam(f(γ)) ≥
4diam(γ).
Proof. Proof of (i). Given p = (x, y) ∈ T2 and a > 0, pick a0 such that 0 < a0 < a.
Let v = (v1, v2) ∈ Cua0(p). Since
Df(x,y)(v1, v2) =
(
8 0
−ψ′(x)ϕ(y) 2− ψ(x)ϕ′(y)
)(
v1
v2
)
= (8v1,−ψ′(x)ϕ(y)v1 + (2 − ψ(x)ϕ′(y))v2),
then
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(1)
| − ψ′(x)ϕ(y)v1 + (2− ψ(x)ϕ′(y))v2|
|8v1|
≤
∣∣∣∣−ψ′(x)ϕ(y)8
∣∣∣∣+
∣∣∣∣2− ψ(x)ϕ′(y)8
∣∣∣∣
∣∣∣∣v2v1
∣∣∣∣ .
Let M = max{|ψ′|}. Note that max{|ϕ|} ≤ δ and |2 − ψ(x)ϕ′(y)| ≤ |6|. Hence,
from inequality (1) follows that
| − ψ
′
(x)ϕ(y)v1 + (2− ψ(x)ϕ′(y))v2|
|8v1|
≤
Mδ
8
+
6
8
∣∣∣∣v2v1
∣∣∣∣ < Mδ8 + 6a08 .
Taking δ0 small enough we obtain that
Mδ
|8| +
|6|a0
|8| < a0 for all δ < δ0, which finishes
the proof of (i).
Proof of (ii). Note that(
|Df(x,y)(v1, v2)|
|4(v1, v2)|
)2
=
(8v1)
2 + (−ψ′(x)ϕ(y)v1 + (2− ψ(x)ϕ
′(y))v2)
2
(4)2(v21 + v
2
2)
=
82 + (−ψ′(x)ϕ(y) + (2− ψ(x)ϕ′(y))v2
v1
)2
(4)2
(
1 +
(
v2
v1
)2) .
Taking δ0 and a0 small enough, we get that −ψ′(x)ϕ(y) is arbitrarily close to
zero, (2−ψ(x)ϕ′(y))v2
v1
is also close to zero and
(
1 +
(
v2
v1
)2)
is close to one. Then
there exist a0 and δ0, as close to zero as necessary, such that(
|Df(x,y)(v1, v2)|
|4(v1, v2)|
)2
> 1,
and the thesis follows.
Proof of (iii). It follows from the previous items. 
Note that the properties (i), (ii) and (iii) in the previous lemma are robust. In
concrete we have the following result.
Lemma 3.1.2. For every f satisfying Lemma 3.1.1, there exists Uf a C1-neighborhood
of f such that for every g ∈ Uf the properties (i), (ii) and (iii) of Lemma 3.1.1
hold.
3.2. Construction of h. Starting from the map f we will construct another map
h having unstable cones and for which there exists a ρ > 0 such that h(Sh) ∩
B((12 ,
1
2 ), ρ) = {(x,
1
2 ) : x ∈ (
1
2 − ρ,
1
2 + ρ)}.
The following lemma shows that if (t, γ(t)) is a small curve which is close to
the point (12 ,
1
2 ) with γ
′
and γ
′′
close to zero, then it is possible to construct a C2
perturbation F of the identity in such a way that F (t, γ(t)) = (t, 12 ) for values of t
close enough to 12 .
The proof of the last theorem is conceptually simple but cumbersome in terms
of calculations
Lemma 3.2.1. Given ε > 0 and r > 0 there exist a > 0, a
′
> 0, a
′′
> 0 and b > 0
such that if γ : [ 12 − b,
1
2 + b]→ [0, 1] is a function of class C
2 satisfying
• max{|γ(x)− 12 | : x ∈ [
1
2 − b,
1
2 + b]} ≤ a,
• max{|γ
′
(x)| : x ∈ [ 12 − b,
1
2 + b]} ≤ a
′
and
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• max{|γ
′′
(x)| : x ∈ [ 12 − b,
1
2 + b]} ≤ a
′′
,
then there exists a diffeomorphisms F : T2 → T2 such that dC2(F, Id) < ε,
F |B(( 1
2
, 1
2
),r))c = Id and F (x, γ(x)) = (x,
1
2 ) for all x ∈ [
1
2 − b,
1
2 + b].
Proof. Given ε > 0 and r > 0 let δ0 = r/3 and let g : [0, 1]→ [0, 1] be as in Figure
2 (b). Let M
′
δ0
= max{|g
′
(x)| : x ∈ [0, 1]}, M
′′
δ0
= max{|g
′′
(x)| : x ∈ [0, 1]} and
2b < r.
Let a
′′
> 0 be such that a
′′
< ε/3.
Consider a
′
> 0 such that:
•a
′
< a
′′
b/2 • a
′
< ε/2 • a
′
M
′
δ0
< ε/2 • 2(a
′
)2M
′
δ0
< ε.
And take a > 0 such that
•a < ε/2 • a < a
′
b/2 • aa
′
M
′
δ0
< ε/4 • aM
′
δ0
< ε/2.
•aa
′
M
′′
δ0
< ε/4 • a(M
′′
δ0
(a
′
)2 +M
′
δ0
a
′′
) < ε/4 • aM
′′
δ0
< ε/4 • a < δ0/2.
Then, given γ in the hypotheses of the lemma, let f : [0, 1]→ [0, 1], f ∈ C2, be
such that:
• f |[ 1
2
−b, 1
2
+b] = γ.
• f(x) = 12 if x 6∈ (
1
2 − 2b,
1
2 + 2b).
• max{|f(x)− 12 | : x ∈ [0, 1]} ≤ 2a.
• max{|f
′
(x)| : x ∈ [0, 1]} ≤ a
′
(this is possible because a < a
′
b/2).
• max{|f
′′
(x)| : x ∈ [0, 1]} ≤ a
′′
(this is possible because a
′
< a
′′
b/2).
and define
F (x, y) = (x, y − (f(x)−
1
2
)g(y − f(x))).
Note that F (x, f(x)) = (x, 12 ) for all x ∈ [0, 1].
We begin proving that dC0(F, Id) < ε. ||F (x, y)−Id(x, y)|| = ||(0,−(f(x)−
1
2 )g(y−
f(x))||, so as |g| ≤ 1 and |f − 12 | ≤ 2a < ε this implies dC0(F, Id) < ε.
∣∣∣∣ ∂∂x(−(f(x) − 12)g(y − f(x))
∣∣∣∣ =
∣∣∣∣−f ′(x)g(y − f(x)) + (f(x) − 12)g′(y − f(x))f ′(x)
∣∣∣∣
< a
′
+ 2aM
′
δ0
a
′
<
ε
2
+
ε
2
= ε.
∣∣∣∣ ∂∂y (−(f(x)− 12)g(y − f(x))
∣∣∣∣ =
∣∣∣∣−(f(x)− 12)g′(y − f(x))
∣∣∣∣ < 2aM ′δ0 < ε.
This implies dC1(F, Id) < ε.
The proof that is dC2(F, Id) < ε analogous.
We will now prove that F |B(( 1
2
, 1
2
),r))c = Id. For the sake of convenience we will
take B((12 ,
1
2 ), r) = {(x, y) : |x−
1
2 | < r, |y −
1
2 | < r}.
If (x, y) ∈ (B((12 ,
1
2 ), r))
c then |x − 12 | > r or |y −
1
2 | > r. If |x −
1
2 | > r, as
r > 2b then f(x) = 12 , and therefore F (x, y) = (x, y). If |y−
1
2 | > r, as r = 3δ0 and
|f(x)− 12 | < a < δ0, then |y−f(x)| > δ0. This in turn implies that g(y−f(x)) = 0,
and therefore F (x, y) = (x, y).
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
In the sequel, the idea is to apply the preceding lemma to a ε, an r and a γ that
we will now define. We will start by defining ε and r.
Let fθδ the map defined in Section 3.1. Lemma 3.1.1 guarantees the existence
of a0 > 0 for which there are θ and δ as small as necessary in such a way that
Dfθδ(Cua0(p)) \ {(0, 0)} ⊂ C
u
a0
(fθδ(p)), for all p ∈ T2. By Lemma 3.1.2 there exists a
C1-neighborhood Uf θδ of fθδ such that for all g ∈ Uf θδ we have that Dgp(C
u
a0
(p)) \
{(0, 0)} ⊂ Cua0(g(p)) for all p ∈ T
2.
Let ε
′
> 0 be such that if dC1(g, fθδ) < ε
′
then g ∈ Uf θδ and let ε > 0 be such
that if dC1(F, Id) < ε then dC1(F ◦ fθδ, fθδ) < ε
′
, so F ◦ fθδ ∈ Uf θδ .
Let r > 0 be as defined at the beginning of section 3.1. Let us fix ε and r. The
idea is to apply Lemma 3.2.1, and in order to do this we still have to define the
curve γ. Some preliminary remarks are in order.
Recall that fθδ(x, y) = f(x, y) = (8x, 2x − ψ(x)ϕ(y)) and Sf = {(x, y) : 2 −
ψ(x)ϕ
′
(y) = 0}. We consider a point ( 116 ,
1
4 ). Recall that (
1
16 ,
1
4 ) ∈ Sf and
fθδ(
1
16 ,
1
4 ) = (
1
2 ,
1
2 ) .
By the implicit function Theorem applied to G(x, y) = 2 − ψ(x)ϕ
′
(y) = 0 in
the point ( 116 ,
1
4 ) (here we using that ϕ
′′(14 ) 6= 0), there exist β > 0 and a function
y : ( 116 − β,
1
16 + β) → R such that G(x, y(x)) = 0 for x ∈ (
1
16 − β,
1
16 + β). A
straightforward computation shows that y
′
(1/16) = y
′′
(1/16) = 0 (here we use
that ψ
′
(1/16) = ψ
′′
(1/16) = 0).
So f(x, y(x)) = (8x, 2y(x) − ψ(x)ϕ(y(x))). By the change of variables 8x =
t we obtain (t, 2y(t/8) − ψ(t/8)ϕ(y(t/8))) = (t, γ1(t)). Again a straightforward
computation shows that γ
′
1(1/2) = γ
′′
1 (1/2) = 0 and γ1(1/2) = 1/2.
For ε a r as above, let a, a
′
, a
′′
and b as given by the Lemma 3.2.1. Let β > 0
enough small such that 8β < b and
(1) max{|γ1(t)−
1
2 | : t ∈ [
1
2 − 8β,
1
2 + 8β]} ≤ a,
(2) max{|γ
′
1(t)| : t ∈ [
1
2 − 8β,
1
2 + 8β]} ≤ a
′
and
(3) max{|γ
′′
1 (t)| : t ∈ [
1
2 − 8β,
1
2 + 8β]} ≤ a
′′
,
in such way that there exists a function γ : (12 − b,
1
2 + b)→ R whit γ|( 12−8β, 12+8β) =
γ1 and the properties (1), (2) and (3) hold.
Therefore, by Lemma 3.2.1, there exist F : T2 → T2 such that dC2(F, Id) < ε,
F |B(( 1
2
, 1
2
),r))c = Id such that F (x, γ(x)) = (x,
1
2 ) for all x ∈ [
1
2 − b,
1
2 + b].
Then define h : T2 → T2 such that
h = F ◦ f
Remark 3. h satisfies the following properties
(1) Sh = Sf , because F is a diffeomorphisms.
(2) h(B(( 116 ,
1
4 ), r)) ∩B((
1
16 ,
1
4 ), r) = ∅ (see definition f and r).
(3) Dhp(Cua0(p)) \ {(0, 0)} ⊂ C
u
a0
(h(p)), for all p ∈ T2, because h ∈ Uf θδ .
(4) There exists ρ > 0 such that h(Sh) ∩ B((
1
2 ,
1
2 ), ρ)) = {(x,
1
2 ) : x ∈ (
1
2 −
ρ, 12 + ρ)}.
(5) h(x) = A(x) for all x ∈ T2 \B(( 116 ,
1
4 ), r)) ∪ A
−1(B((12 ,
1
2 ), r))).
(6) h({(x, 12 ) : x ∈ [
1
2 − ρ,
1
2 + ρ]}) ⊂ {(x, 0) : x ∈ [0, 1]}.
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(7) h({(x, 0) : x ∈ [0, 1]}) = A({(x, 0) : x ∈ [0, 1]}) ⊂ {(x, 0) : x ∈ [0, 1]}.
(8) h( 116 ,
1
4 ) = (
1
2 ,
1
2 ).
(9) Since Df is transverse to R1 and dC2(F, Id) < ε (taking a smaller ε if
necessary) then Dh is transverse to R1.
(10) h is expanding in T2 \B(( 116 ,
1
4 ), 2r).
Now we need prove that ( 116 ,
1
4 ) is a critical point of fold type for h.
If (x, y) ∈ Sf then
Df(x,y) =
(
8 0
−ψ
′
(x)ϕ(y) 0
)
.
Since Df(x,y)(0, 1) = (0, 0), Ker(Dfx) is generated by the vector (0, 1) for all
(x, y) ∈ Sf .
A straightforward computation shows that T( 1
16
, 1
4
)Sf = (1, 0), and (by proposi-
tion 2.1) this implies that ( 116 ,
1
4 ) is a critical point of fold type for f . As Sh = Sf ,
dC2(F, Id) < ε(taking a smaller ε if necessary) then T( 1
16
, 1
4
)Sh is transverse to
Ker(Dh), which in turn implies that ( 116 ,
1
4 ) is a critical point of fold type for h.
The map h is the one which is C2 robustly transitive but not C1.
4. Proof of the fact that h is not C1 robustly transitive.
Proving that h is not C1 robustly transitive is simple. Due to properties (4),(6)
and (7) of Remark 3, h(Sh) and {(x,
1
2 ) : x ∈ [0, 1]} coincides locally and h({(x,
1
2 ) :
x ∈ [ 12 − ρ,
1
2 + ρ]}) ⊂ {(x, 0) : x ∈ [0, 1]}. The following lemma will allow us to
find a neighborhood V of the point ( 116 ,
1
4 ) and a C
1-perturbation, g, of h in such a
way that gn(V ) ⊂ {(x, 0) : x ∈ [0, 1]} for n ≥ 2, which means that it is impossible
for g to be transitive.
The key is given by the following lemma:
Lemma 4.0.2. Let x0 ∈ Sf be a critical point of fold type. Then for every ε > 0 and
every neighborhood Wx0 of x0 there exists g with dC1(g, f) < ε and a neighborhood
Vx0 of x0 such that Vx0 ⊂ Sg, g(Vx0) = f(Sf ∩ Vx0) and g(x) = f(x) for every
x ∈ W cx0 .
Proof. As x0 is a critical point of type fold, without loss of generality we can
assume that x0 = (0, 0) and f(x, y) = (x, y
2), for (x, y) ∈ U , with U small enough
and U ⊂ Wx0 . Given ε > 0, we choose δ > 0 such that 4δ < ε, δ
2 < ε and
B((0, 0), δ) ⊂ U . We consider a bump function ϕ : R → R of class C1 such as
that in Figure 2 (a) with |ϕ′| ≤ 2
δ
. Consider g a C1-perturbation of f defined by
g(x, y) = (x, ϕ(y)y2), for (x, y) ∈ U. Since it is not hard to prove that the distance
between g and f is less than ε in the C1 topology, we leave the details to the reader.
Moreover, the critical set of g contains the ball centered at the origin of radius δ2
and g(B((0, 0), δ2 )) = f(Sf ∩B((0, 0),
δ
2 )). 
Proof of the fact that h is not robustly transitive:
As we have previously shown the point ( 116 ,
1
4 ) is a critical point of fold type
h( 116 ,
1
4 ) = (
1
2 ,
1
2 ) and there exists ρ > 0 such that h(Sh) ∩B((
1
2 ,
1
2 ), ρ)) = {(x,
1
2 ) :
x ∈ (12 − ρ,
1
2 + ρ)}. Then, due to Lemma 4.0.2 there exist a neighborhood V of
the point ( 116 ,
1
4 ) and g, C
1 close to h, such that g(V ) = h(Sh ∩ V ) ⊂ {(x,
1
2 ) :
x ∈ [0, 1]}. As h({(x, 12 ) : x ∈ (
1
2 − ρ,
1
2 + ρ)}) ⊂ {(x, 0) : x ∈ [0, 1]} and
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Figure 2.
h({(x, 0) : x ∈ [0, 1]}) = A({(x, 0) : x ∈ [0, 1]}), then gn(V ) ⊂ {(x, 0) : x ∈ [0, 1]}
for all n ≥ 2, which implies that g is not transitive.
5. Proof of the fact that h is C2 robustly transitive.
We recall that the critical set of the function f is Sf = {(x, y) : 2− ψ(x)ϕ
′
(y) =
0}. We also recall that Df is transverse to R1, which implies that Sf is a one-
dimensional submanifold.
For y0 =
1
4+
δ
8 (ϕ
′
(y0) = 1) let x0, x1, x0 6= x1 be such that (x0, y0), (x1, y0) ∈ Sf .
Since ϕ
′′
(y0) = 0, we have that T(x0,y0)Sf = T(x1,y0)Sf = (0, 1). Since KerDf is
generated by (0, 1), is not hard to see that the points (x0, y0) and (x1, y0) are the
only ones which are not of fold type. Therefore f satisfies the following properties:
(1) There exists ρ > 0 such that if B0 = B((x0, y0), ρ) and B1 = B((x1, y0), ρ)
with a sufficiently small ρ, the following holds:
• Bi \ Sf has two connected components, for i = 0, 1.
• Sf \B0 ∪B1 are critical points of fold type.
• If γ is a curve with γ
′
(t) ∈ Cua0(γ(t)) and such that γ ∩ Sf ⊂ B0 ∪B1,
then γ is transverse to Sf .
• If furthermore diam(γ) < 10r (taking a smaller r if necessary) then γ
intersects B0 ∪B1 in at most two points.
(2) f|
T2\B(( 1
16
, 1
4
),r) is expanding, i.e. the eigenvalues of Df(p) are greater than
one for p ∈ T2 \B(( 116 ,
1
4 ), r).
(3) f satisfies Lemma 3.1.1.
(4) Df is transverse to R1.
Let Uf be a C
2 neighborhood of f that satisfies the properties that have been
stated above. Then, since h = F ◦f and F is as C2-close to the identity as necessary,
we can take h ∈ Uf and Uh a C2 neighborhood of h such that Uh ⊂ Uf .
For the following lemmas we will take g ∈ Uh. Therefore, if we prove that g is
transitive this will mean that h is C2 robustly transitive.
We start by making the following remark.
Remark 4. Let x0 ∈ Sg be a critical point of fold type. Without loss of generality,
we can assume that x0 = (0, 0) and g(x, y) = (x, y
2) for all (x, y) belonging to a
small enough neighborhood U of x0. If α ⊂ B(0, r) ⊂ U is a C1 curve which is
transverse to Sg with α ∩ Sg = {0}, then g(α) \ g(0) is contained in the interior
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of g(B(0, r)). Given ε > 0, it is possible to construct a curve γ which satisfies the
following conditions (see figure 3 (b)):
• γ = g(α) in B(0, ε)c.
• γ ⊂ int(g(B(0, r))).
• γ is as C1-close to g(α) as necessary.
PSfrag replacements
α
g(α)
B((0, 0), ε)
γ
z1
z2
B((0, 0), r)
Sf
1
θ
ψ
ϕ
−δ0
δ0
g
(a)
PSfrag replacements
α
g(α)
B((0, 0), ε)
γ
z1
z2
B((0, 0), r)
Sf
1
θ
ψ
ϕ
−δ0
δ0
g
(b)
Figure 3.
Lemma 5.0.3. Let V ⊂ T2 be an open set and γ ⊂ V be a curve such that
γ
′
(t) ∈ Cua0(γ(t)), γ is transverse to Sg and γ ∩ Sg is a single point of fold type.
Then there exists a curve β with β
′
(t) ∈ Cua0(β(t)) contained in the interior of g(V ),
transverse to Sg such that diam(β) > 4diam(γ).
Proof. Since γ intersects Sg in a single point x0 fold type, g(γ) is contained in the
interior of g(V ) except for the point g(x0) which can be in the boundary of g(V )
and furthermore diam(g(γ)) > 4diam(γ) because γ
′
(t) ∈ Cua0(γ(t)). Then, due to
Remark 4 the curve g(γ) can be approximated in a neighborhood of the point g(x0)
by a curve β that satisfies the thesis of the lemma. 
Note that if γ is transverse to Sg then γ ∩ Sg consists of finitely many points.
If additionally the intersection points of γ with Sg are critical points of fold type,
then Lemma 5.0.3 holds.
Lemma 5.0.4. Let V be open, α ⊂ V with α′(t) ⊂ Cua0(α(t)), α transverse to
Sg and diam(α) < 10r. There exists β ⊂ int(g(V )), with β′(t) ⊂ Cua0(β(t)), β
transverse to Sg such that diam(β) >
6
5diam(α).
As diam(α) < 10r then α∩Sg has at most two points x1, x2 in B0 ∪B1. Let α1
be a connected component of α \ {x1, x2} such that diam(α1) ≥
3
10diam(α). Note
that α1 can only intersect Sg in a finite number of points of fold type. Then by
Lemma 5.0.3, we can construct a curve β with β ⊂ g(V ), β′(t) ⊂ Cua0(β(t)) and
diam(β) > 4diam(α1) =
6
5diam(α).
Lemma 5.0.5. Let V ⊂ T2 be an open set. Then there exist y ∈ V and n0 ∈ N
such that gn(y) ∈ int(gn(V )) and gn(y) ∈ T2 \B(( 116 ,
1
4 ), 2r) for all n ≥ n0.
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Proof. Claim : If α is a curve such that α′(t) ⊂ Cua0(α(t)), α ⊂ T
2 \B(( 116 ,
1
4 ), 2r)
and diam(α) ≥ 2r, then there exists x ∈ α such that gn(x) ∈ T2 \ B(( 116 ,
1
4 ), 2r)
for all n ≥ 0.
Proof of claim: we begin by constructing a sequence of curves {αn} such that:
(1) g(αn) ⊃ αn+1,∀n ∈ N,
(2) αn ⊂ T2 \B((
1
16 ,
1
4 ), 2r), ∀n ∈ N and
(3) α′n(t) ⊂ C
u
a0
(αn(t)).
Let α0 = α. As α
′(t) ⊂ Cua0(α(t)) and diam(α) ≥ 2r then diam(g(α)) ≥ 8r.
As diam(B(( 116 ,
1
4 ), 2r)) = 4r, there exists α1 ⊂ g(α) with diam(α1) ≥ 2r and
α1 ⊂ T2 \B((
1
16 ,
1
4 ), 2r). Proceeding inductively we have the sequence {αn}.
For every αn, let γn ⊂ α0 = α be such that g
n(γn) = αn. Since g(αn) ⊃ αn+1
then γn+1 ⊂ γn. Consider B = ∩γn (note that B 6= ∅). If y ∈ B, then gn(y) ∈
T
2 \B(( 116 ,
1
4 ), 2r) for all n ≥ 0, and this proves the Claim.
Given V , let α ⊂ V be such that α′(t) ⊂ Cua0(α(t)) and α transverse to Sg. Then
by Lemma 5.0.4 there exists β1 such that:
• β1 ⊂ int(g(V )),
• diam(β1) ≥
6
5diam(α),
• β1 transverse to Sg and
• β′1(t) ⊂ C
u
a0
(β1(t)).
Proceeding inductively there exist n0 ∈ N and βn0 with the above properties and
such that diam(βn0) ≥ 8r. Therefore there exist β˜n0 ⊂ βn0 such that diam(β˜n0) ≥
2r and β˜n0 ⊂ T
2 \B(( 116 ,
1
4 ), 2r). Then by de claim there exists x ∈ β˜n0 such that
gn(x) ∈ T2 \ B(( 116 ,
1
4 ), 2r). As g|T2\B(( 116 ,
1
4
),2r) is a local diffeomorphism, we have
that gn(x) ∈ int(gn+n0(V )). Taking y ∈ V such that gn0(y) = x, we are done.

Lemma 5.0.6. Given V an open set of T2. There exist y ∈ V and n
V
∈ N such
that if n ≥ n
V
then gn(V ) ⊃ B(gn(y), r).
Proof. Given V , by Lemma 5.0.5 there exist y ∈ V and n0 ∈ N such that gn(y) ∈
int(gn(V )) ∩ (T2 \ B(( 116 ,
1
4 ), 2r)) for all n ≥ n0. As g|T2\B(( 116 , 14 ),r) is expanding
and dist(∂B(( 116 ,
1
4 ), 2r), ∂B((
1
16 ,
1
4 ), r)) = r then there exists nV such that g
n(V ) ⊃
B(gn(y), r) for n ≥ nV . 
The proof of the following lemma can be found in [ILP, Lemma 2.2.5].
Lemma 5.0.7. Given ε > 0, there exist open sets B1, ..., Bn and m ∈ N such that:
(i) ∪ni=1Bi = T
2, diam(Bi) < ε and A
m(Bi) = T
2 for every i = 1 . . . , n;
(ii) There exists a C0-neighborhood UA of A such that gm(Bi) = T2 for all
g ∈ UA, for every i = 1 . . . , n.
Proof of the fact that g is transitive. To prove that g is transitive, it is enough
to prove that given V ⊂ T2 there exists m such that gm(V ) = T2.
For ε = r/4, let UA be a C0-neighborhood of A such that Lemma 5.0.7 holds.
We can assume that Uh ⊂ UA (Uh has been defined at the beginning of the section)
and g ∈ Uh. Let us now prove that g is transitive.
Given an open set V ⊂ T2, Lemma 5.0.6 implies that there exist y ∈ V and
n
V
∈ N such that gn(V ) ⊃ B(gn(y), r) for all n ≥ n
V
. Let B1, ..., Bn and m ∈ N be
12 J. IGLESIAS AND A. PORTELA
given by Lemma 5.0.7. As diam(Bi) < r/4, there exists i0 such that g
n
V (V ) ⊃ Bi0 .
By Lemma 5.0.7, item (ii), gm(Bi0) = T
2 so gnV +m(V ) = T2, which implies that g
es transitive.

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